Abstract. "Generalized Weyl's theorem holds" for an operator when the complement in the spectrum of the B-Weyl spectrum coincides with the isolated points of the spectrum which are eigenvalues; and "generalized a-Weyl's theorem holds" for an operator when the complement in the approximate point spectrum of the semi-B-essential approximate point spectrum coincides with the isolated points of the approximate point spectrum which are eigenvalues. If T or T * is p-hyponormal or M -hyponormal then for every f ∈
Introduction. Throughout this paper, B(H) and K(H) denote respectively the algebra of bounded linear operators and the ideal of compact operators acting on an infinite-dimensional separable Hilbert space H. If T ∈ B(H), we write N (T ) and R(T ) for the null space and range of T , with n(T ) = dim N (T ) and d(T ) = dim H/R(T ); σ(T )
for the spectrum of T ; σ a (T ) for the approximate point spectrum of T ; E 0 (T ) for the isolated points of σ(T ) which are eigenvalues of finite multiplicity; and E a 0 (T ) for the isolated points of σ a (T ) which are eigenvalues of finite multiplicity. Let
The essential spectrum σ e (T ), Weyl spectrum σ w (T ), and Browder spectrum σ b (T ) of T ∈ B(H) are defined by σ e (T ) = {λ ∈ C : T − λI is not Fredholm}, σ w (T ) = {λ ∈ C : T − λI is not Weyl}, σ b (T ) = {λ ∈ C : T − λI is not Browder}. 
We say that Weyl's theorem holds for T ∈ B(H) if σ(T ) \ σ w (T ) = E 0 (T ), and that Browder's theorem holds for T ∈ B(H) if σ w (T ) = σ b (T ). Let SF + (H) = {T ∈ B(H) : R(T ) is closed and n(T )
<
Recall that by [12, Theorem 2.1] a complex number λ is not in σ ab (T ) if and only if T − λI ∈ SF + (H) and α(T − λI) < ∞.
We say that a-Weyl's theorem holds for T ∈ B(H) if
(T ), and that a-Browder's theorem holds for T ∈ B(H) if σ SF − + (T ) = σ ab (T ).
It is known [7] that for any T ∈ B(H) we have the implications: a-Weyl's theorem ⇒ Weyl's theorem ⇒ Browder's theorem, a-Weyl's theorem ⇒ a-Browder's theorem ⇒ Browder's theorem.
For a bounded linear operator T and a nonnegative integer n, define T [n] to be the restriction of T to R(T n ) viewed as a map from R(T n ) to R(T n ) (in particular T [0] = T ). If for some integer n, the range space R(T n ) is closed and T [n] is upper (resp. lower) semi-Fredholm, then T is called an upper (resp. lower ) semi-B-Fredholm operator. Moreover if T [n] is a Fredholm (resp. Weyl, Browder) operator, then T is called a B-Fredholm (resp. BWeyl , B-Browder ) operator. Similarly, we can define the B-Fredholm spectrum σ BF (T ), B-Weyl spectrum σ BW (T ) and B-Browder spectrum σ BB (T ). A semi-B-Fredholm operator is an upper or a lower semi-B-Fredholm operator. In the case of a normal operator T acting on a Hilbert space, Berkani [2, Theorem 4.5] showed that σ BW (T ) = σ(T ) \ E(T ), where E(T ) is the set of all eigenvalues of T which are isolated in the spectrum of T . This generalizes the classical Weyl's theorem. So we say that T obeys generalized Weyl's theorem ([4, Definition 2.13]) if
Let T ∈ B(H) and let
(T ) = {n ∈ N : R(T n ) ∩ N (T ) ⊆ R(T m ) ∩ N (T ) for all m ≥ n}.
Then the degree of stable iteration dis(T ) of T is defined as dis(T ) = inf (T ). Let
Similarly, let SBF + (H) be the class of all upper semi-B-Fredholm operators, and SBF
where E a (T ) is the set of all eigenvalues of T which are isolated in σ a (T ) ([4, Definition 2.13]). From [4, Theorem 3.11], we know that each T satisfying generalized a-Weyl's theorem satisfies a-Weyl's theorem and hence Weyl's theorem, but the converse is not true (see [4, Example 3.12] ).
An operator T ∈ B(H) is said to be p-hyponormal if (T * T ) p ≥ (T T * ) p , and M -hyponormal if there exists a positive number M such that
In this paper we show that if T * is p-hyponormal or M -hypomormal, then generalized a-Weyl's theorem holds for f (T ) for every f ∈ H(σ(T )), hence a-Weyl's theorem holds for f ∈ H(σ(T )), where H(σ(T )) denotes the set of all analytic functions on an open neighborhood of σ(T ). [3, Corollary 3.3] and [2, Theorem 3.2], the spectral mapping theorem for the B-Weyl spectrum may be rewritten as the implication, for arbitrary n ∈ N and λ i ∈ C,
Preliminary results. Let
is a Weyl operator whose factors are not B-Weyl. This is a contradiction.
(1)⇔ (2) . See [9, Theorem 5] .
(2)⇔(4). Generalized Weyl's theorem implies Weyl's theorem for T . Moreover, [11, Lemma] 
tells us that if T is isoloid, then
, where g(T ) is invertible. Then T − λ i I is B-Weyl, and, in particular, an operator of topological uniform descent. Since generalized Weyl's theorem holds for T , it follows that T − λ i I has finite ascent and descent for every
Conversely, let µ ∈ E(f (T )). Using (a), without loss of generality, we suppose λ i ∈ σ(T ). Thus λ i ∈ iso σ(T ). Since T is isoloid, we see that Recall that if T is an upper semi-Fredholm operator, then T −λI is upper semi-Fredholm and 
Theorem 2.2. If T ∈ B(H) obeys generalized a-Weyl's theorem and it is a-isoloid , then the following statements are equivalent:
). This is a contradiction. Hence the result is true.
(1)⇔(2). Argue as for (1)
We know that Browder essential approximate point spectrum satisfies the spectral mapping theorem, so σ SF
. Therefore a-Browder's theorem holds for f (T ). Now let µ ∈ E a 0 (f (T )). Using (b), without loss of generality, we suppose that λ i ∈ σ a (T ); then λ i ∈ iso σ a (T ). Since T is a-isoloid, we infer that λ i ∈ E a 0 (T ). Generalized a-Weyl's theorem implies a-Weyl's theorem, so T − λ i I ∈ SF − + (H) and hence f (T ) − µI ∈ SF − + (H). Thus a-Weyl's theorem holds for f (T ). Conversely, suppose a-Weyl's theorem holds for f (T ) for every f ∈ H(σ(T )).
(3)⇒(5). For every f ∈ H(σ(T )), we need to prove that
. We can suppose that λ i ∈ σ a (T ). Since generalized a-Weyl's theorem holds for T and T is a-isoloid, it follows that T − λ i I has finite ascent for every i ∈ {1, . .
. , m} ([4, Theorem 2.8]). Thus f (T ) − µI has finite ascent. Let dis(f (T )) = d. Then R[(f (T ) − µI) d ] is closed. Now [10, Lemma 2.5] and the perturbation theory of upper semi-B-Fredholm operators imply that
Conversely, suppose µ ∈ E a (f (T )). Then λ i ∈ iso σ a (T ). Since T is aisoloid, we find that T − λ i I ∈ E a (T ). Generalized a-Weyl's theorem holds 
p-hyponormal and M -hyponormal operators.
We start with some elementary results about p-hyponormal and M -hyponormal operators. We call T ∈ B(H) paranormal if for any x ∈ H, T x 2 ≤ T 2 x x . If T is paranormal, then T = sup{|λ| : λ ∈ σ(T )}.
Lemma 3.1 ([14], [16]). If T is p-hyponormal for some p such that
0 < p ≤ 1 or T is M -hyponormal , then the restriction T | F to any invariant subspace F is also p-hyponormal or M -hyponormal.
Lemma 3.2 ([15]). (1) If T is p-hyponormal , then T is paranormal. (2) If T is invertible and p-hyponormal , then T −1 is also p-hyponormal. (3) If T is M -hyponormal and σ(T ) = {λ}, then T = λI.

Theorem 3.3. If T * is p-hyponormal or M -hyponormal , then generalized a-Weyl's theorem holds for f (T ) for every f ∈ H(σ(T )). Hence aWeyl's theorem holds for f (T ) for every f ∈ H(σ(T )).
Proof. Suppose T * is p-hyponormal. By Theorem 2.2, we need to prove that T is a-isoloid, T ∈ A 2 (H) and generalized a-Weyl's theorem holds for T . First we prove that T is a-isoloid. Since T * is p-hyponormal, a-Weyl's theorem holds for T ( [6] ) and σ(T ) = σ a (T ). Let λ ∈ iso σ a (T ) = iso σ(T );
Next we prove that generalized a-Weyl's theorem holds for T , that is,
Since a-Weyl's theorem holds for T , it follows that α(T − λI) < ∞ and hence Lemma 3.4] ). Thus T − λI is bounded from below, which means that λ 0 ∈ iso σ a (T ). Thus λ 0 ∈ E a (T ).
Conversely, if λ 0 ∈ E a (T ), then λ 0 is an isolated point of σ a (T ) = σ(T ), so λ 0 ∈ iso σ(T * ). Now using the spectral projection
where B 0 is an open disk of center λ 0 which contains no other points of σ(T * ), we can represent T * as the direct sum
Then T 2 − λ 0 I is invertible. 
which implies that (1/λ 0 )T 1 is unitary. Thus T 1 is normal and hence so is T 1 −λ 0 I. Since T 1 −λ 0 I is quasinilpotent and the only normal quasinilpotent operator is zero, it follows that T * − λ 0 I = 0 ⊕ T 2 − λ 0 I. Since T 2 − λ 0 I is invertible, we know that T * − λ 0 I has finite ascent and descent. Then T − λ 0 I has finite ascent and descent, and therefore
From the above proof, we see that generalized a-Weyl's theorem holds for T . Using Theorem 2.2, we conclude that generalized a-Weyl's theorem holds for f (T ) for every f ∈ H(σ(T )).
If T * is M -hyponormal, then since M -hyponormality is translation-invariant, it suffices to show that 0 ∈ σ a (T )
and therefore 0 is an isolated point in σ a (T ) = σ(T ). We have thus proved that σ a (T ) \ σ SBF − + (T ) ⊆ E a (T ). Conversely, suppose 0 ∈ E a (T ). Then 0 is an isolated point of σ a (T ) = σ(T ). Applying the projection P defined above, we have a direct sum T * = T 1 ⊕T 2 , where σ(T 1 ) = {0} and σ(T 2 ) = σ(T * ) \ {0}. Then T 1 = 0 and T 2 is invertible. Thus T * has finite ascent and descent and so T has finite ascent and descent. This implies that T is B-Weyl and 0 ∈ σ a (T ) \ σ SBF − + (T ). Thus T obeys generalized a-Weyl's theorem. Theorem 2.2 tells us now that generalized a-Weyl's theorem holds for f (T ) for every f ∈ H(σ(T )).
Corollary 3.4. If T or T * is p-hyponormal or M -hyponormal , then generalized Weyl's theorem holds for f (T ) for every f ∈ H(σ(T )). Hence Weyl's theorem holds for f (T ) for every f ∈ H(σ(T )).
Proof. If T * is p-hyponormal or M -hyponormal, then the result is true by Theorem 3.3. If T is p-hyponormal or M -hyponormal, then Weyl's theorem holds for T , T ∈ A 1 (T ) and T is isoloid. By Theorem 2.1, we need to prove that generalized Weyl's theorem holds for T , so we need to prove
Suppose λ 0 ∈ E(T ). Using the same method as for Theorem 3.3, we can prove that T − λ 0 I has finite ascent and descent. Suppose
The fact that Weyl's theorem holds for T implies that T − λI is Browder and hence
This contradicts the fact that λ 0 ∈ σ(T ). Thus λ 0 ∈ E(T ). Therefore generalized Weyl's theorem holds for T . Proof. Since generalized Weyl's theorem holds for T , by assumption, every nonzero point of σ(T ) is an isolated point of σ(T ) and an eigenvalue. Hence σ(T ) \ σ BW (T ) is a finite set or a countably infinite set whose only cluster point is 0. Let σ(T )\σ BW (T ) = {λ n }, with |λ 1 | ≥ |λ 2 | ≥ · · · > 0, and let E n be the orthogonal projection onto
Berberian spectra. Suppose that T ∈ B(H)
is reduced by each of its eigenspaces. We write π 0 (T ) for the set of eigenvalues of T ; π 0f (T ) for the eigenvalues of finite multiplicity; π 0i (T ) for the eigenvalues of infinite multiplicity. If M is the closed linear span of the eigenspaces
(1) T 1 is a normal operator with pure point spectrum; (2) 
In this case, Berberian [1, Definition] 
We shall call τ (T ) the Berberian spectrum of T . Berberian has shown that τ (T ) is a nonempty compact subset of σ(T ).
Let
) is closed}, σ LD (T ) = {λ ∈ C : T − λI is not in LD(H)}. The following theorem shows the relation of σ SBF − + (T ), σ LD (T ), and Berberian spectra. We also give a relation of σ BW (T ), σ BB (T ) and Berberian spectra.
Theorem 4.1. If T ∈ B(H) is reduced by each of its eigenspaces, then
Proof. Let M be the closed linear span of the eigenspaces N (T − λI) (λ ∈ π 0 (T )) and write
From the preceding arguments it follows that T 1 is normal, π 0 (T 1 ) = π 0 (T ) and π 0f (T 2 ) = ∅.
(1) First we will prove that σ SBF
. Then T 2 − λI is invertible and λ is an isolated point of π 0 (T 1 ). Since also π 0i (T ) ⊆ τ (T ), we have λ ∈ π 00 (T 1 ). But T 1 is normal, hence Weyl's theorem holds for T 1 . Therefore T 1 − λI is Weyl. Thus T − λI is Weyl. Now we conclude that λ is not in σ SBF
Suppose that there exists λ such that |λ − λ 0 | is sufficiently small and λ ∈ σ a (T ). Since π 0 (T 2 ) = ∅, it follows that T 1 − λI ∈ SF − + (M ) and T 2 − λI is bounded from below. The fact that T 1 is normal implies that α(T 1 − λI) < ∞, and hence α(T − λI) < ∞. Thus N (T − λI) = N (T − λI) ∩ ∞ n=1 R[(T − λI) n ] = {0}, so T − λI is bounded from below. This is a contradiction. Thus λ 0 ∈ iso σ a (T ) or λ 0 ∈ a (T ). Now [4, Theorem 2.8] shows that λ 0 is not in σ LD (T ). Similarly, we can prove that σ BW (T ) = σ BB (T ). An operator T is called reduction-isoloid (resp. reduction a-isoloid ) if the restriction of T to any reducing subspace is isoloid (resp. a-isoloid). It is well known that every hyponormal operator is reduction-isoloid. 
